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Abstract 

A laycle is the categorical analogue of a lazy cocycle. Twines (as introduced by Bruguieres) 
and strong twines (as introduced by the authors) are laycles satisfying some extra conditions. 
If c is a braiding, the double braiding c 2 is always a twine; we prove that it is a strong twine 
if and only if c satisfies a sort of modified braid relation (we call such c pseudosymmetric, as 
any symmetric braiding satisfies this relation). It is known that symmetric Yetter-Drinfeld 
categories are trivial; we prove that the Yetter-Drinfeld category HyT> H over a Hopf algebra 
H is pseudosymmetric if and only if H is commutative and cocommutative. We introduce as 
well the Hopf algebraic counterpart of pseudosymmetric braidings under the name pseudo- 
triangular structures and prove that all quasitriangular structures on the 2™ +1 -dimensional 
pointed Hopf algebras E(n) are pseudotriangular. We observe that a laycle on a monoidal 
category induces a so-called pseudotwistor on every algebra in the category, and we ob- 
tain some general results (and give some examples) concerning pseudotwistors, inspired by 
properties of laycles and twines. 
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Introduction 



The notion of symmetric category is a classical concept in category theory. It consists of a 
monoidal category C equipped with a family of natural isomorphisms cxy : X ®Y ^> Y ® X 
satisfying natural "bilinearity" conditions together with the symmetry relation cy,x ° cx,y = 
idx®Y, for all X, Y £ C. In 1985 Joyal and Street were led by natural considerations to drop this 
symmetry condition from the axioms, thus arriving at the concept of braiding, which afterwards 
became of central importance for the then emerging theory of quantum groups; for instance, 
if {H, R) is a quasitriangular Hopf algebra as defined by Drinfeld, then the monoidal category 
H-M of left if -modules acquires a braiding defined by R, which is symmetric if and only if R is 
triangular, i.e. R21R = 1 ® 1. 

There exist many examples of symmetric braidings, as well as many examples of braidings 
which are not symmetric. Although some of the most basic examples of monoidal categories (such 
as the category of vector spaces) are symmetric, the symmetry condition is a rather restrictive 
requirement, a claim which is probably best illustrated by the following result of Pareigis (cf. 
|30|): if If is a Hopf algebra, then the Yetter-Drinfeld category HyD H is symmetric if and only 
if H is trivial (i.e. H = k). Thus, the most basic examples of braided categories arising in Hopf 
algebra theory are virtually never symmetric. 

It appears thus natural to look for braidings satisfying some generalized (or weakened) sym- 
metry conditions. In a recent paper [15], Etingof and Gelaki proposed the concept of quasisym- 
metric braiding, as being a braiding with the property that cyx cx,Y = idx®Y for all X, 
Y simple objects in the category, and classified quasisymmetric braided categories of exponen- 
tial growth, generalizing Deligne's classification of symmetric categories of exponential growth. 
On the other hand, at the Hopf algebraic level, Liu and Zhu proposed in [23] the concept of 
almost-triangular Hopf algebra, as being a quasitriangular Hopf algebra (H, R) such that R21R 
is central in H ® H (obviously, this concept generalizes the one of triangular Hopf algebra, but 
it is not clear whether it has a categorical counterpart). 

The original aim of the present paper was to continue the study of some categorical concepts 
recently introduced in [34] . [5], [29] under the names pure-braided structure, twine and strong 
twine. We recall from [5] that a twine on a monoidal category C is a family of natural isomor- 
phisms Dx,y : X ®Y — > X ®Y va. C satisfying a certain list of axioms chosen in such a way 
that, if c is a braiding on C, then the so-called double braiding c 2 defined by c\ Y = cy,x cx,y 
is a twine (by [29], the concept of twine is equivalent to the concept of pure-braided structure 
introduced in [34j). Moreover, twines are related to the pure braid groups in the same way in 
which braidings are related to the braid groups. A strong twine, as defined in [29J, is also a 
family of natural isomorphisms Dx.y '■ X (g)Y — > X ®Y in C satisfying a list of (easier looking) 
axioms, which imply the axioms of a twine. A double braiding c 2 is not always a strong twine, 
so we were led naturally to ask for what kind of braidings c is c 2 a strong twine. The answer is 
that this happens if and only if c satisfies the following condition: 

(cy,z ® idx) (idy <8> c~z]x) ( c x,Y <8> idz) = (idz ® cxy) ( c z,x ® My) (idx <8> cy,z) 

for all X,Y, Z € C. This is a sort of modified braid relation, and it is obvious that if c is 
a symmetry then this condition becomes exactly the braid relation satisfied by any braiding; 
thus, any symmetric braiding satisfies the above relation, so what we obtained is a generalized 
symmetry condition. A braiding satisfying the above modified braid relation will be called 
pseudo symmetric. It should be emphasized that, although we arrived at this concept in an 
indirect way (via double braidings and strong twines), the pseudosymmetry relation does not 
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depend on these concepts and could have been introduced directly. Anyway, this concept is 
supported and further justified by our main result: if H is a Hopf algebra (with bijective 
antipode) then the canonical braiding of the Yetter-Drinfeld category Hy^ H is pseudosymmetric 
if and only if H is commutative and cocommutative. In view of Pareigis' result mentioned 
above, this shows that pseudosymmetries are far more numerous than symmetries; and in the 
opposite direction, it shows that not every braiding is pseudosymmetric (this was not so obvious 
a priori). Note also that, incidentally, our theorem provides a characterization of commutative 
and cocommutative Hopf algebras solely in terms of their Yetter-Drinfeld categories. 

We introduce the Hopf algebraic counterpart of pseudosymmetric braidings, under the name 
pseudotriangular structure, as being a quasitriangular structure R on a Hopf algebra H satis- 
fying the modified quantum Yang-Baxter equation R12R31 R23 = R23R31 R12 (from which it 
is visible that triangular implies pseudotriangular) or equivalently the element F = R21R sat- 
isfies the condition F12F23 = F23F12, which shows immediately that almost-triangular implies 
pseudotriangular. We analyze in detail a class of quasitriangular Hopf algebras, namely the 
2™ +1 -dimensional pointed Hopf algebras E{n) whose quasitriangular structures and cleft exten- 
sions have been classified in [27] and [28J: we prove that all quasitriangular structures of E(n) 
(which are in bijection with nxn matrices) are pseudotriangular, and the only almost-triangular 
structures of E(n) are the triangular ones (which are in bijection with symmetric nxn matrices); 
in particular, this shows that pseudotriangular does not imply almost-triangular. 

Apart from leading us to consider a certain class of braidings (the pseudosymmetric ones), 
the study of twines led us also to consider certain classes of pseudotwistors, as introduced in 
|24j . In order to explain this, we need to introduce first some terminology. A basic object we 
use all over the paper is a monoidal structure of the identity functor on a monoidal category 
(for instance, this is part of the axioms for twines and strong twines). We needed to have a 
name for such an object, and in order to choose it we relied on the fact that these objects are 
the categorical analogues of lazy cocycles, a concept recently introduced in Hopf algebra theory 
and studied in a series of papers (pQ, [7J, [8], [9], [10], [33]). Thus, we have chosen the name 
laycle, as derived from lazy cocycle. These laycles have some properties similar to those of 
lazy cocycles, for instance they act by conjugation on braidings and it is possible to define for 
them an analogue of the Hopf lazy cohomology. 

The concept of pseudotwistor (with particular cases called twistor and braided twistor) was 
introduced in [23] as an abstract and axiomatic device for "twisting" the multiplication of an 
algebra in a monoidal category in order to obtain a new algebra structure (on the same object). 
More precisely, if (A, fj,, u) is an algebra in a monoidal category C, a pseudotwistor for A is a 
morphism T : A® A — » A (B> A in C, for which there exist two morphisms T\,T2 ■ A ® A (8) A — » 
A ® A <g) A in C, called the companions of T, satisfying a list of axioms ensuring that (A, pT,n) 
is also an algebra in C. Examples of pseudotwistors are abundant, cf. [24] . For instance, if c is a 
braiding on C, then (? AA is a pseudotwistor for every algebra A in C. Since a double braiding is 
in particular a twine, this raises the natural question whether any twine induces a pseudotwistor 
on every algebra in the category. It turns out that something more general holds, namely that 
any laycle has this property. This seems to show that pseudotwistors are "local" versions of 
laycles (in the same sense in which twisting maps are "local" versions of braidings, see [19 J for 
the meaning of these concepts and references), but this is not quite true, because for instance 
a composition of laycles is a laycle while a composition of pseudotwistors is not in general a 
pseudotwistor. We introduce thus the concept of strong pseudotwistor, as a better candidate 
for being a local version of laycles (for instance, a composition of a strong pseudotwistor with 
itself is again a strong pseudotwistor). We also introduce a sort of local version of twines, under 
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the name pure pseudotwistor, as being a pseudotwistor whose companions satisfy the condition 
(T 2 <8> id) o {id ® T{) = (id <8> Ti) o (T 2 ® id). Quite interestingly, it turns out that virtually all 
the concrete examples of pseudotwistors we are aware of are pure. 

What we discussed above are basically facts about pseudotwistors inspired by properties of 
laycles and twines. In the last section of the paper we complete the picture of the interplay be- 
tween laycles and twines, on the one hand, and pseudotwistors, on the other hand, by presenting 
a result in the opposite direction. Namely, inspired by a result in [21] concerning pseudotwistors 
and twisting maps, we prove that, if C is a monoidal category, T a laycle and d a braiding on 
C related in a certain way, then the families d' x Y = dxy Tx,y and d" XY = Ty : x dx,Y are 
also braidings on C. We prove also a sort of converse result, leading thus to a characterization 
of generalized double braidings (i.e. twines of the type c' Y x c x.Y, with c, d braidings). 

1 Preliminaries 

In this section we recall basic definitions and results and we fix notation to be used throughout 
the paper. All algebras, linear spaces, etc, will be over a base field k; unadorned <S> means 
All monoidal categories are assumed to be strict, with unit denoted by /. For a Hopf algebra H 
with comultiplication A we denote A(h) = hi®h 2 , for all h € H. Unless otherwise stated, H 
will denote a Hopf algebra with bijective antipode S. For terminology concerning Hopf algebras 
and monoidal categories we refer to [21], |26j. 

A linear map a : H <g> H — > k is called a left 2-cocycle if it satisfies the condition 

a(a 1 ,b 1 )a(a 2 b 2 , c) = a(h, ci)a(a, b 2 c 2 ), (1.1) 
for all a, b, c E H , and it is called a right 2-cocycle if it satisfies the condition 

a(aibi,c)a(a 2 ,b 2 ) = a (a, hci)a(b 2 , c 2 ). (1.2) 

Given a linear map a : H <8> H — > k, define a product - a on H by h - a h! = a (hi, h'^^h'2, 
for all h, h' € H . Then ■„ is associative if and only if a is a left 2-cocycle. If we define - a by 
h- a h' = hxh' 1 cr(h2- l h' 2 ), then - a is associative if and only if a is a right 2-cocycle. In any of the 
two cases, a is normalized (i.e. a(l,h) = cr(h, 1) = e(h) for all h £ H) if and only if 1h is the 
unit for - a . If a is a normalized left (respectively right) 2-cocycle, we denote the algebra (H, 
by a H (respectively H a ). It is well-known that a H (respectively H a ) is a right (respectively 
left) -ff-comodule algebra via the comultiplication A of H. If a : H <g> H — » k is normalized and 
convolution invertible, then a is a left 2-cocycle if and only if a^ 1 is a right 2-cocycle. 

If 7 : H — * k is linear, normalized (i.e. 7(1) = 1) and convolution invertible, define 

D\j) : H®H -» k, D 1 ( 1 )(h,ti)= 1 (hi) 1 (ti l ) 1 ~ 1 (h 2 ti 2 ), Vh,tieH. 

Then D 1 ^) is a normalized and convolution invertible left 2-cocycle. 

We recall from [1] some facts about lazy cocycles and lazy cohomology. The set Reg 1 ^) 
(respectively Reg 2 (H)) consisting of normalized and convolution invertible linear maps 7 : H — > 
k (respectively a : H ® H — > k) , is a group with respect to the convolution product. An element 
7 £ Reg l (H) is called lazy if j(hi)h 2 = hij(h 2 ), for all h G H. The set of lazy elements of 
Reg 1 ^), denoted by Reg^(H), is a central subgroup of Reg 1 ^). An element a S Reg 2 (H) is 
called lazy if 

a(hi,h[)h 2 h' 2 = hih[a(h 2 ,h' 2 ), V h,ti G if. (1.3) 
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The set of lazy elements of Reg 2 (H), denoted by Reg^(H), is a subgroup of Reg 2 (H). We 
denote by Z 2 (H) the set of left 2-cocycles on H and by Z 2 L {H) the set Z 2 (H) n Reg 2 L (H) of 
normalized and convolution invertible lazy 2-cocycles. If a G Z 2 (H), then the algebras <j-£f and 
H a coincide and will be denoted by H(a); moreover, H(a) is an ii-bicomodule algebra via A. 

It is well-known that in general the set Z 2 (H) of left 2-cocycles is not closed under con- 
volution. One of the main features of lazy 2-cocycles is that the set Z 2 (H) is closed under 
convolution, and that the convolution inverse of an element a G Z 2 (H) is again a lazy 2-cocycle, 
so Z 2 (H) is a group under convolution. In particular, a lazy 2-cocycle is also a right 2-cocycle. 

Consider now the map D 1 : Reg l {H) -► Reg 2 {H), D l (j)(h,h') = -/(h^iti^- 1 ^^), for 
all h,h' G H. Then, by [I], the map D 1 induces a group morphism Regl(H) — > Zj^(H), with 
image contained in the centre of Z 2 (H); denote by £?£(iT) this central subgroup D l (Reg\{H)) 
of Z 2 (H) (its elements are called lazy 2-coboundaries). Then define the second lazy coho- 
mology group H 2 (H) = Z 2 (H) / B 2 (H) . 

Dually, an invertible element T G H (8) is called a lazy twist if 

{e®id){T) = 1 = (td®e)(T), 

(id <g> A)(T)(1 (g) T) = (A <g> id)(T)(T <g> 1), 

A(/t)T = TA(/i), V lie 

As a consequence of these axioms we also have (1 <8> T)(id (g> A)(T) = (T ® 1)(A ® id)(T). One 
can define the analogues of Z 2 (H), B^(H) and H^(H) with lazy twists instead of lazy cocycles; 
these will be denoted respectively by Z 2 T (H), B^rp^H) and H^ T (H). 

Remark 1.1 If C is a monoidal category and T X y : X §t>Y — > X ®Y is a family of natural 
isomorphisms in C, the naturality of T implies (for all X,Y,Z G C): 

(T x ,y ®id z )° T x ®y,z = T x ®y,z ° (Tx,y ®idz), (1-4) 
(idx <8> Ty )Z ) o T x ,y®z = T x ,y®z ° (idx <8> 7V jZ ). (1.5) 

Definition 1.2 (JEJ^) LetC = (C,®,I) andV = (V, (g>,I) 5e monoidal categories. A monoidal 
functor /rom C to T> is a triple (F, (po,(p 2 ) where F : C — » P is a functor, tp® is an isomorphism 
in V from I to F(I) and (f2(U, V) : F(U)®F(V) — > _F({7 ®V) is a family of natural isomorphisms 
in V indexed by all couples (U, V) of objects in C such that, for all U,V,W 6 C: 

<p 2 (U®V,W)o(<p 2 (U,V)®id F{w) ) = ip 2 {U,V ®W)o(id F{u) ®tp 2 {V,W)), 
ip 2 (I,U)o (tpo (g> id F (u) ) = idpQj) , 
¥? 2 (J7, 1) o (id F{u) ® tp Q ) = id F (u). 

Definition 1.3 ([20]) Let C be a monoidal category. A braiding on C consists of a family of 
natural isomorphisms c X y : X ®Y — ► Y ® X in C such that, for all X,Y, Z G C: 

c X ,y®z = (idy <8> c X)Z ) o (c X)Y <g> id z ), (1.6) 
c X ®y,z = {c X ,z ® idy) o (id x ® cy,z)- (1-7) 

As consequences of the axioms we also have c x 1 = ci x = id x and the braid relation 

(cy,z <S> idx) (idy ® cx,z) (cx,Y ® ^z) 

= (ic?z ® cx,y) (cjf,z <8) idy) o {idx ® cy,z)- (1-8) 

// moreover c satisfies cy X o cx,y = id x %,y, for all X,Y G C, £/ten c is called a symmetry. 
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Definition 1.4 ([12]) Let H be a Hopf algebra. An invertible element R € H ® i? is called a 
quasitriangular structure for H if 

(A®id)(R)=R 13 R 23 , 
(id® A)(i?) = R 13 R 12 , 
(e ® id)(-R) = e)(i?) = 1, 
A cop (h)R = RA(h), VheH. 

If moreover R satisfies R21R = 1 ® 1, i/ien i? is called triangular. If R is a quasitriangular 
(respectively triangular) structure for H, then the monoidal category hM of left H -modules 
becomes braided (respectively symmetric), with braiding given by cm,n '■ M ® N — > N ® M, 
CM,N(m ® n) = R 2 ■ n ® i? 1 • m, /or a// M,N £ hM, m <E M , n € N . 

Definition 1.5 ([341) Let C be a monoidal category. A pure-braided structure on C consists 
of two families of natural isomorphisms Ayyyy '■ U ® V ® W — > U $$>V®W and Buyw '■ 



U ®V ®W ®V ®W inC such that (for all U, V, W, X G C): 

Au®V,W,X = Auy®w,X {idu ® Av t w,x), (1-9) 

Au,v,w®x = (Au,v,w ® ^x) ^f/,V(g)W,x, (1-10) 

•Bi/®v,w,x = (idu ® #v,w;x) £?E/,v®w r ,x, (1-H) 

£t/,v,w®x = #t/,v®w,x (Bu,v,w ® idx), (1-12) 

(Au,v,w ® ^x) (*dt; ® jBy,w,x) = (^c/ ® £v,w,x) (Au,v,w ® ^x), (1-13) 

^,/,V = Sf/./.y. (1.14) 
j4 category equipped with a pure-braided structure is called a pure-braided category. 

Definition 1.6 (JSj) Let C be a monoidal category. A twine on C is a family of natural iso- 
morphisms Dx,y '■ X ® 1" — > X ® Y~ in C satisfying the axioms (for all X,Y, Z,W € C ): 

Di tI = i&u (1-15) 

(L>x,y ® idz) ^x®v,z = (*dx ® D Y ,z) £>x,y®z, (1-16) 



(L>x®Y,z ® i^iy) o (id x ® D y z ® ioV) o (id x ® Dy,z®w) 

= {idx ® D Y ,z®w) (idx ® -Cy^ ® *^w) (-Dx®y;z ® idjy). (1-17) 

^4 category equipped with a twine is called an entwined category. If (C, D) is entwined then we 
also have Dx,i = Di,x = idx, for all X € C. 

By |29] . these two concepts are equivalent in a certain (precise) sense. 

Proposition 1.7 Let C be a monoidal category and c, d braidings on C. Then the family 
T X y '■= c yx c x,Y is a twine, called a generalized double braiding; if c = d the family 
cy,x cx,y is called a double braiding. 

Definition 1.8 ([29]) Let C be a monoidal category and T X y : X <giY ^ X ®Y a family of 
natural isomorphisms in C. We say that T is a strong twine (or (C,T) is strongly entwined) 
if for all X,Y, Z £ C we have: 

Tij = id h (1.18) 
(Tx,Y ® idz) ° T x ®y,z = (idx ® T Y ,z) Tx,y®z, (1-19) 
(Tx,y ® idz) (idx ® Ty,z) = (idx ® Ty,z) (?x,y ® idz)- (1-20) 
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Proposition 1.9 ( }29j ) If(C,T) is strongly entwined then (C,T) is entwined. 



Proposition 1.10 (J3J/ ; J^J/j Let A be an algebra with multiplication denoted by ha = /U and 
let T : A <g> A — > A ® A be a linear map satisfying the following conditions: T(l ® a) = 1 ® a, 
T(a ® 1) = a ® 1, /or a// a & A, and 

H23 o T 12 o T 13 = T o i_i 23 : A ® A ® A ^ A (g> A, (1.21) 
M12 or 23 oT 13 =To W 2:40i®i^4®4 ) (1.22) 
T12 o Ti 3 o T 23 = T 23 o Ti 3 o T12 : A ® 4 ® A -> A ® 4 ® A, (1.23) 



lozi/i standard notation for Hij and Tij . Then the map (j,oT : A® A ^ A defines an associative 
algebra structure on A, with the same unit 1. The map T is called an i?-matrix for A. 

2 Laycles and quasi-braidings 

Definition 2.1 Let C be a monoidal category and Tx,y ■ X ® Y — > X (g> Y a family of natural 
isomorphisms in C. We say that T is a laycle if for all X,Y, Z G C we have: 

Tii = idi, (2.1) 
(T x ,y <8> id z ) o T x ®Y,z = {idx ® T Y ,z) ° T x ,y®z- (2.2) 

A category equipped with a laycle is called a laycled category. 

Remark 2.2 It T is a laycle on C then we also have Tx,i = Ti x = idx, for all X G C. Also, 
it is clear that if (C,T) is entwined then (C,T) is laycled. 

Remark 2.3 It is obvious that T is a laycle if and only if (idc,idi,<p2(X,Y) := T x ,y) is a 
monoidal functor from C to itself. So, directly from the properties of monoidal functors, it 
follows that the composition of two laycles is a laycle and the inverse of a laycle is a laycle. 

Example 2.4 Let H be a Hopf algebra, a G Reg\(H) and C = M H , the category of right 
ii"-comodules, with tensor product (m ® n)( ) <8> (m <8> n )(i) = ( m (o) ® n (o)) ® m (\) n (i)- Define 
Tm.aK 771 <8> n) = miQ\ (8> W(o)c(?7i(i)) nm), for all M, N G .M^, m G M, n G N. Then cr is a lazy 
2-cocycle on H if and only if T is a laycle on A4 H . Dually, if F = F 1 ® F 2 G <8> is invertible 
and satisfies (e ® id)(F) = (id (g> e)(-F) = 1, consider the category #.A/f of left if-modules, with 
tensor product given by h ■ (m ® n) = h\ ■ m®h 2 ■ n, for all M, iV G #.M, m G M, n G TV; define 
TM,N( m ®n) = F l ■ m (£> F 2 ■ n. Then F is a lazy twist if and only if T is a laycle on hM.. 

If T is a laycle on C, we define the families T x Y z > tL y z ■ X®Y (&Z — » X®Y ®Z (notation 
as in [5]) of natural isomorphisms in C associated to it, by 

t x,y,z '■= (idx <8> Tyz) ° T x ®y,z = T x .y®z ° (T^y ® ^fe)> ( 2 - 3 ) 
t x,y,z := ° ® ^kz) = ( r x,V ® ^2) ° T x,y®^- (2-4) 
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Proposition 2.5 Let C be a monoidal category. 

(i) IfT is a laycle on C then for all U,V,W G C we have 

T u®v,w,x = T u,v®w,x (idu ® T v,w,x)i ( 2 - 5 ) 
T uy,w®x = ( T uyw ® idx) T uy®w,x- ( 2,e ) 

Conversely, if Ajj,v,w '■ U ®V ®W — > U ®V ®W is a family of natural isomorphisms such that 
(pLSP and \2. 6\) with A instead of T* hold, then Tjjy '■= Ajjjy is a laycle on C. 

(ii) IfT is a laycle on C then for all U,V,W £ C we have 

Tu®v,w,x = (idu ® Ty WX ) o T U)VtsW)X , (2.7) 

Tu,v,w®x = Tjjy®w,x (Tu,v,w ® idx)- (2.8) 

Conversely, if Buy,w '■ U ®V ®W — > f7(g)V(8>W zs a family of natural isomorphisms such that 
\2. 7|) and II?. <gj) mi/i -B instead of T b hold, then Tuy := Buiv 25 a laycle on C. 



Proof. We prove (i), while (ii) is similar and left to the reader. We compute: 

T u®v,w,x = T u®v®w,x ° (idu ® idy <g> T^ x ) 
= Tu® v ®w,x ° (idu ® 7VeW,x) 

o(idi/ (2) T v ®w,x) (^u ® «dy <8> T^x) 



proving (j2.5|) : the proof of (12, 6h is similar and left to the reader. 

Assume now that A_ _ is a family of natural isomorphisms satisfying (|2.5p and (|2.6p ; then 
obviously the family Tj^y = Aujy consists also of natural isomorphisms. If in (|2.5p we take 
V = iy = X = /we obtain Tuj = Tuj o (idu ® hence Tj,/ = id/. If we take = / in 

([23]) and V = J in (pUj) we obtain 

Tf/<g>y,x = ^t/,y,x (*c?c ® 2y,x), Tb,wg)X = (^t/,w ® idx) ° Au,w,x, 
which together imply (|2.2p . □ 

The categorical analogue of the operator Z) 1 from the Preliminaries looks as follows: 

Proposition 2.6 (JSS) Let C be a monoidal category and Rx '■ X — > X a family of natural 
isomorphisms in C such that Ri = idj. Then the family 

D 1 (R) x ,y := {Rx ® Ry) o fl^ y = fl^y o (jfr fly) (2.9) 

zs a laycle on C. 

The next result (whose proof is straightforward and will be omitted) provides the categorical 
analogue of Hopf lazy cohomology: 

Proposition 2.7 Let C be a small monoidal category. Then: 

(i) If we denote by Reg\(C) the set of families of natural isomorphisms Rx '■ X — > X in C such 
that Rj = idi, then Reg\(C) is an abelian group under composition. 

(ii) The set of laycles on C is a group, denoted by Z\(C). 

(Hi) The map D 1 : Reg\(C) — > Z\(C) is a group morphism with image (denoted by B^C)) 
contained in the centre of Z\(C). 

We denote by H 2 L (C) the group Z\(C) I B\(C) , and call it the lazy cohomology of C. 
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A basic property of lazy cocycles on Hopf algebras (see [T]) is that they act on coquasitrian- 
gular structures. This property extends to the categorical setting: 

Proposition 2.8 Let C be a monoidal category, T a laycle and c a braiding on C. Then the 
family c XY := Tyx cxy Tyry ^ s a ^ so a braiding on C. 

Proof. The naturality of c with respect to the morphisms idx and Ty z together with (jl.6p imply 

(Ty >z <8> idx) ° (idy ® cx,z) ° (cxy <8 idz) 

= (idy <g> cx,z) o (c x ,y ® idz) ° (idx ® T~^). (2.10) 

The naturality of c with respect to the morphisms TZy and idz together with (jl.7p imply 

(idz <8 r^y) o (ex,z ® id Y ) o (idx ® cyz) 

= (cx,z <8 idy) o (id x <8 cy,z) o 

( 2 - n ) 

We check ()1.6p for c T ; we compute: 

C X,Y®Z ~ T Y ®z,x o c x ,y®z o T x -y^ z 

(idy <8 ?z,x) 3y,z®x (3^2 ® (*dy ® c *,z) 
°(cx,y ® idz) o (idx <8 3y,z) r x®y,z 

(T"V idz) 

(idy <8 Tz,x) Ty,z®x ° (idy <8 cx,z) 
o(cx,y ® id z )o T'^y z o (T~ y <8 id z ) 

(idy ® T z> x) {idy ® c x ,z) ° T Y ,x®z 
oT Y®x,z (°x,Y ®id z )o {T x ]y <8 idz) 

{idy <8 Tz,x) {idy ® cx,z) [idy <8 T^ z ) 
°{Ty tX <8> id z ) o (cx,y <8> id z ) o (T x ,y <8 id z ) 
= (idy <g> c XjZ ) o (c xy <8> idz), g.e.d. 

Similarly, we check (jl.7p for c T : 

C X®Y,Z T Z ^x®Y ° C X ®Y,Z ° T X®Y,Z 

(Tz,x <8 idy) o Tz®x,y (id Z <8 T£y) o (cx,z <8 idy) 
o(idx ® cyz) o (Txy <8 idz) ?xy<g>z ® T Y,z) 

(Tz,x <8 idy) o T z ®x,Y (cx,z <8 idy) 
o(idx <8 cy Z ) o Tx\^ z o (idx 8> Ty Z ) 

(Tz,x <8 idy) o (c x>z (g>idy)o T x ®z,Y 

oT XZ®Y ® c ^,z) ® T yz) 

(3z,x ® i^y) (cx,z "8 idy) o (TJ^ (8 idy) 
o(idx 8> 7z,y) o (idx <8 cyz) (idx <8 Ty Z ) 
(c x ,z ® idy) Mx ® Cy )Z ), 
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finishing the proof. □ 

Proposition 2.9 Let C be a monoidal category, c a braiding on C and Rx '■ X — > X a family 
of natural isomorphisms in C such that Rj = idj. Then c D ^ = c, where D l (R) is the laycle 
given by 112. 9\) . 



Proof. Foilows immediately by using the naturality of c and R. □ 

Corollary 2.10 If C is a small monoidal category, then the group H^C) acts on the set of 
braidings of C. 

Proposition 2.11 In the hypotheses of Proposition [2731 the braided monoidal categories (C,c) 
and (C,c T ) are equivalent (as braided monoidal categories). 

Proof. We define the monoidal functor (F, ifQ, ip 2 ) ■ C — > C by F = idc, fo = idj and ^p 2 (X, Y) : 
X®Y -» X®Y, <p 2 (X,Y) := 

^xV> wmc h is obviously a monoidal equivalence. Moreover, the 
formula c x Y = Ty,x cx,y I^y expresses exactly the fact that (F, ipo, ^2) is a braided functor 
from (C, c) to (C, c T ) □ 

If C is a braided monoidal category with braiding c, we denote by Br(C, c) its Brauer group 
as introduced in [35J. Thus, as a consequence of Proposition 12.111 we obtain the following 
generalization of [6], Proposition 3.1: 

Corollary 2.12 In the hypotheses of Proposition [2~8\ the Brauer groups Br(C, c) and Br(C, c T ) 
are isomorphic. 

Definition 2.13 Let C be a monoidal category. A quasi-braiding on C is a family of natural 
isomorphisms qx,Y X ®>Y — > Y ® X in C satisfying the following axioms (for all X,Y, Z E C ): 

qi,l = idi, (2.12) 
qx,z®Y (idx ® qv,z) = qv®x,z {qxy ® id z ). (2.13) 

If a Y,x qx,Y = idx^Y for all X,Y G C, then (C, q) is what Drinfeld calls a coboundary 
category in J7^. 

Remark 2.14 If q is a quasi-braiding on C then we also have qx,i = qi,x = idx an d 

(q Y) z ® idx) qxy®z = qx,z®v ° (idx ® qr,z) 

= qv®x,z ° (qx,Y <S> id z ) = (idz ® qx,v) qx®Y,z- (2.14) 

Consequently, the family px,Y '■= a Y^x ^ s a ^ so a quo-si-braiding. 

The concept of quasi-braiding was considered (with a different name) by L. M. Ionescu in |18j . 
as follows. Define a monoidal category C op , which is the same as C as a category, has the same 
unit /, and reversed tensor product: X ® op Y = Y ® X. Then, a family qx,Y '■ X (g> Y — > Y <8> X 
is a quasi-braiding on C if and only if (idc,idi,(f2(X,Y) := qx,y) is a monoidal functor from 
C op to C, or equivalently (idc,idi,(p2(X,Y) := qy,x) is a monoidal functor from C to C op . As 
noted in [15] , any braiding is a quasi-braiding (this follows easily by (|1.6p . (jl.7p and (|1.8|) ). and 
quasi-braidings are related to Drinfeld's coboundary Hopf algebras: 
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Definition 2.15 (U2f) A coboundary Hopf algebra is a pair (H, R), where H is a Hopf algebra 
and R E H <X> H is an invertible element such that: 

R 12 (A <g> id) (12) = R 23 (id <g> A) (12), (2.15) 

(e (8) id)(R) = {id ® e)(12) = 1, (2.16) 

A cop (h)R = RA(h), V heH, (2.17) 

i2 21 12=l®l. (2.18) 

1/12 does noi necessarily satisfy (2.18\) . we call it a quasi-coboundary. 

Proposition 2.16 (fTSf) Let H be a Hopf algebra and R = R 1 ® 12 2 £ H <g> H an invertible 
element. IfU,V are left H -modules, define quy :U®V -^>V®U by qu,v(u®v) = R 2 -v®R l - u. 
Then q is a quasi- braiding on hM if and only if R is a quasi-coboundary on H. 

Remark 2.17 If T is a laycle on a monoidal category C, then the family Tx,Y '■= Ty,x is a, 
laycle on C op . 

Prom the description of laycles and quasi-braidings as monoidal structures for some identity 
functors and the fact that a composition of monoidal functors is monoidal, we obtain: 

Proposition 2.18 Let C be a monoidal category, T a laycle andp, q two quasi-braidings onC. 
Then the family Dx,y '■= Py,x ° Qx,Y is a laycle on C and the families q' x Y '■= Ty^x ° Qx,Y and 
q' x Y '■= qx,Y ° Tx,y are quasi-braidings on C. 

Corollary 2.19 Let C be a monoidal category, T a laycle and q a quasi-braiding on C. Then 
the family q x Y '■= Ty,x Qx,Y ° TZy is also a quasi-braiding on C. 

Remark 2.20 Proposition ^. 9\ is also true with quasi-braidings instead of braidings, so we obtain 
also an action of H£(C) on the set of quasi-braidings of C. 

Proposition 2.21 Let C be a monoidal category, c a braiding and q a quasi-braiding on C. Then 
the family c q XY '■= Qyx ° c y,x Qx,Y is also a braiding on C. Moreover, the braided categories 
(C, c) and (C,c q ) are braided equivalent. 

Proof. Follows immediately from Proposition 12.81 since c q = c T , where T is the laycle Txy = 
1x]y oc xX- D 

Remark 2.22 For the particular case when q itself is a braiding, we will obtain an alternative 
proof in Proposition 15.31 

Let now C be a small monoidal category. We denote by Z 2 (C) the set of all natural isomor- 
phisms in C that are laycles or quasi-braidings. Then, with notation as in Proposition 12.71 we 
have: 

Proposition 2.23 (i) 1?(C) is a group, 
(ii) Z^(C) is an index 2 subgroup in 1?(C). 
(Hi) B^C) is a central subgroup in J?(C). 

We define the "cohomology group" M 2 (C) := 1?(C)/B 2 L {C). 
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Proof. We give first the explicit description of the multiplication in Z 2 (C). Take R and P 
quasi-braidings, S and T laycles. We have, for all U, V G C: 

(ST)u,v = Suy Tu,v, 

(TR)uy = T VtU o R V y, 

(RT)uy = Ru.y ° T V y, 
(RP)uy = Rv,u ° Puy- 

Now (i) and (ii) follow from Proposition 12.181 while (hi) is just an easy computation. □ 

Similarly, if H is a Hopf algebra, we may consider the group Z 2 (H ) consisting of the elements 
in H ® H that are lazy twists or quasi-coboundaries, its central subgroup B 2 LT (H) and the 
"cohomology group" U 2 (H) = Z 2 (H)/B 2 LT (H). 

Example 2.24 Let k be a field with char(k) ^ 2 and H = fcfCy, the group algebra of the 
cyclic group with two elements C2 (denote its generator by g). One can see that the lazy twists 
on H are given by the formula T a = ^±2(1 <g> 1) + ^p(l <8> g) + ^p(fl <8> 1) - ® 3), with 

a G fc*. It is interesting to note that Tq is not invertible but has all the other properties in the 
definition of a lazy twist. 

Consider the element 9 a = + o)-^- G -ff , with a £ k. One can see that 9 a is invertible if 
and only if a 7^ 0. Also it is easy to see that T a -2 = /S.{9 a ){6~ 1 ® 0" 1 ) and so T a is trivial in 
H 2 (i/) if and only if a G (A;*) 2 . One can also note that T a T& = T a t,. 

Since H is commutative and cocommutative, one can see that the quasi-coboundaries for H 
are given by the formula R a = ^±2(1 <g> 1) + ^(1 <g) g) + ^(g <g> 1) - ^(5 ® with a G fe*. 
Among these, only i?i and are quasitriangular. If we put everything together we obtain 
U 2 (H) = k*/(k*) 2 x C 2 . 



3 Strong twines and pseudosymmetric braidings 

A key result for this section is the following characterization of strong twines: 

Proposition 3.1 Let C be a monoidal category and T a laycle on C. Then T is a strong twine 
if and only if the families T b and T* given by $2.3\) and \2.J$ coincide. 

Proof. Let X,Y, Z G C and assume that T is a strong twine; then we have: 

t x,y,z = (idx ® Ty z) o T x ®y,z 

= { T xy ® idz) ° (T X y ® idz) (^x <8> Ty Z ) o T x ®y,z 



( T xy ® id z) (idx ® r y> |) o (Tx,y (8 idz) T x ®y,z 

( T x,Y ® i( iz) o (idx ® 2y^) o (idx <8> JV^) o Tx,y®z 
= (T^y ®id z )o T x ,y®z 
- T f 

Conversely, assume that T b = Tf. By using (|2,3p , (|2.2p and (|2.4p it is easy to see that y ^ o 

(?x,y <8> idz) {id x ® Py,z) = T XYZ (idx <8> 2yz) {T X y ® idz), and since T b = it follows 
that (fL20|) holds. □ 
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Definition 3.2 flE/) Let C be a monoidal category. A D-structure on C consists of a family of 
natural morphisms Rx '■ X — > X inC, such that Ri = idi and (for all X,Y,Z£ C): 

{Rx®y ® id z ){id x ® Ry®z) = (idx <8> Ry®z)(Rx®y ® idz)- (3.1) 

It was proved in [29] that if R is a .D-structure consisting of isomorphisms then the family 
D 1 (R) given by (|2.9j) is a strong twine. Using Proposition 13.11 we can prove the converse: 

Proposition 3.3 Let C be a monoidal category and Rx '■ X — > X a family of natural isomor- 
phisms in C with Ri = idj. Then D 1 (R) is a strong twine if and only if R is a D-structure. 

Proof. We compute: 

d1 (R)x,y,z = ( id x ® Ry®z) o (id x 8> Ry 1 ® Rz 1 ) {Rx®Y ®Rz)° R x ®y®z 

= (id x <8> Ry®z) ° (idx ® Ry 1 ® R z l ) ° (id x ® Ry ® Rz) 

o(id x <S> Ry 1 <8> id z ) ° (Rx®Y ® idz) ° R x \y®z 
= (id x ® Ry®z) ° (idx ® Ry 1 ®id z )° (Rx®Y ®id z )° R x \>y®z 

naturality of R . r-»— 1 . _ * . , ■ 7 \ t->— 1 

= (id x ®R Y ®id z ) o (id x ® Ry®z) (Rxm ® ld z) ° R X ®Y®Z' 

and similarly one can see that 

D x {R)x,y,z = ( id x ® -^y 1 ® idz) (-Rx®y ® idz) ° (idx ® i?y®z) #x®y®z> 
and it is clear that D 1 (R) b = D 1 (R) f (i.e. D x (i?) is a strong twine) if and only if ([57TJ holds. □ 

We recall that a (generalized) double braiding is always a twine; it is natural to ask under 
what conditions is it a strong twine. The answer is provided by our next result: 

Theorem 3.4 Let C be a monoidal category, c and d braidings on C and T x ,y = dy,x c-xy ■ 
Then T is a strong twine if and only if the following relation holds, for all X,Y, Z € C: 

(dz,x ® idy) o (id z ® c X y) o (cyz <8> idx) 

° (dz,Y <S> idx) ° (idz ® cx,y) ° (cx,z ® idy) 
= (idx ® cy,z) ° (d^- y <S> idz) ° (idy ® dz,x) 

o (idy ® cx,z) ° (dx,y ® idz) (idx <8 d^y). (3.2) 

Proof. We compute the families T b and T-^: 

T x,yz = ( id x ® ?yij) o Tx^yz 

= (id x ® c^) o (idx ® d^y) o (idx ® dz,y) ° (dz,x ® idy) o cx®y,z 
= (idx ® Cy^) o (dx,x ® idy) o cx®yz, 

T x,yz = t x®y,z ° (idx ® Ty|) 

= dz,x<g)y ° (cx,z ® idy) o (idx ® cy )Z ) ° (idx <8> ey^) o (idx ® d^V) 
= dzx<g.y o (cx,z ® idy) o (idx ® d^ y ). 
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By Proposition 13.11 T is a strong twine if and only if T b = T* , and this holds if and only if 

(dz,x ® idy) ° cx<gy,z ° (idx ® dz,y) = (idx ® cyz) o dz,x®Y ° (cx,z ® idy). (3.3) 

Thus, it is enough to prove that the left hand sides of equations (13. 2p and (|3.3p coincide, and 
the same for the right hand sides. We compute: 

(d z ,x ®id Y )° c x ®y,z ° (idx ® d Z y) 

= (dz,x ®id Y )° (idz ® c x ]y) ° (cyz <8> id x ) ° c X y®z ° (idx ® dz,y) 
= (dz,x ®idy)o (id z ® c x * y ) o (cy )Z (g) idx) (dz,y ® idx) cx,z<g>y 
= (dz,x <S> idy) ° (idz ® c xy ) o (cy,z <8> idx) 
°(dz,y ® idx) ° (idz ® cxy) ° (cx,z ® idy) 

(for the first equality we used (|2.14p . for the second the naturality of c and for the third (jl.6p ). 

(id x <8> cyz) o dz,x®y ° (cx,z ® idy) 

= (idx <S> cyz) o (d XY ® idz) ° (idy ® dz,x) ° dz^xy ° (cx,z <8> idy) 
= (idx (8) cyz) o (d xy (g> id z ) ° (idy <g> dz,x) ° (idy (g> cx,z) ° d x ®zy 
= (id x ® cyz) ° (d xy <8 idz) ° (idy <g> dz,x) 
o(idy g) cx,z) ° (dxy ® idz) ° (idx ® dz,y) 

(for the first equality we used (|2.14j) . for the second the naturality of d and for the third (|1.7|) ). 
finishing the proof. □ 

Definition 3.5 Let C be a monoidal category and c a braiding on C. We will say that c is a 
pseudosymmetry if the following condition holds, for all X,Y,Z£ C: 

(cyz <S> idx) ° (idy <S> %x) ° ( c xy ® idz) 

= (idz ® cxy) o (c^x ® idy) ° (idx ® cyz)- (3.4) 
In this case we will say that C is a pseudosymmetric braided category. 

If c is a symmetry, i.e. c% x = c x ,z, then obviously c is a pseudosymmetry, by (jl.8p . 

Theorem 3.6 Let C be a monoidal category and c a braiding on C. Then the double braiding 
T X y = cy t x cxy is a strong twine if and only if c is a pseudosymmetry. 

Proof. In (|3,2p written for c = d we have, by (|1 .8|) . 

(czy <8> idx) ° (idz ® cxy) ° (cx,z <8> idy) = (idy ® cx,z) (cxy ® idz) ° (idx ® cz,y), 

so (|3.2p reduces in this case to (|3.4p . □ 

Let iif be a Hopf algebra. Consider the category HyD H of left-right Yetter-Drinfeld modules 
over H, whose objects are vector spaces M that are left .ff-modules (denote the action by 
h (g> m I— > /i • m) and right -ff-comodules (denote the coaction bymn Tt(o) ® m (i) £ M ® H) 
satisfying the compatibility condition 

(h ■ m)(o) <8> (h ■ m)n) = hi • m(o) ® hsmmS~ (hi), V h e H, m G M. (3.5) 
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It is a monoidal category, with tensor product given by 

h ■ (m® n) = h\ ■ m (8> h 2 ■ n, (m <8 n)( ) <8> (m ® n)m = m( ) <8 n( ) ® n^mm. 

Moreover, it has a (canonical) braiding given by 

cm,n ■ M <g> N — ► N ® M, CM,N(m <8> n) = n( ) <8> n-(i) • m, 
c m,at N ® M ^ M ® N, c~^ N (n ®m) = 5"(n (1) ) • m (8) ra (0) . 

It is known (cf. [30]) that this braiding is a symmetry only in the degenerate case H = k. 

Theorem 3.7 The canonical braiding of H~yD H is pseudosymmetric if and only if H is com- 
mutative and cocommutative. 

Proof. Assume first that H is commutative and cocommutative; in this case, the compatibility 
condition (|3.5p becomes the Long condition 

(h ■ m)( ) <8> (h ■ m)(i) = h ■ mr \ <8 Tim, V h £ H, m £ M. (3-6) 

For all X, Y, Z G H yV H , x £ X, y £ Y, z £ Z we compute: 
(cy,z <8 «kr) ° (idy ® % x ) o (cx,y <8> idz)(x <8 y <8> -z) 

= (cy,z ®id x )° (id Y <8 c Zi 1 x )(y (0 ) <8? • sc ® z) 

= (cy,z <8> idx)(V(o) ® ^((ym • x) (1) ) • z (8 (y (1) • x) (0) ) 

(cy,z 8) idx)(y(o) ® S^m) ■ 2 ® 2/(1) • ^(o)) 
(^(^(l)) • *)(o) ® (^(^(l)) • • 2/(0) ® 2/(1) • »(o) 

s i x (i)) ■ z {o) ® ^(l) • i/(o) ® y(i) • x (o) 
s( x (i)) ■ z (o) ® • y)(o) ® ( z (i) • y)(i) • x (o) 

= (id z <8 cx,y)(S(x(!)) ■ Z(p) <8> X( ) <8> Z(i) ■ y) 

= (id z <8 cx,y) o (c z ^ x <8 idy)(x <8> z (0) <8> • y) 

= (idz <8 cx,y) ° (c^x <8> idy) ° (icZx <8> cy.z)(x ®y®z), 

proving that c is pseudosymmetric. 

Conversely, assume that c is pseudosymmetric. We consider the two usual Yetter-Drinfeld 
structures on the vector space H: the first one, denoted by Hi, is H with the usual (regular) 
left module structure and with comodule structure p\(h) = h 2 <8 h^S (hi), and the second, 
denoted by H 2 , is H with module structure given by h-g = h 2 gS~ 1 (hi) and comodule structure 
p 2 (h) = hi® h 2 . 

We prove first that H is cocommutative. Let h € H; we will apply the pseudosymmetry 
condition (|3.4p for X = Hi, Y = H 2 , Z = Hi on the element 1 (8> h <8> 1: 

(cyz i^x) (^y <8> c^ x ) o (cx,y <8> idz)(l ®h<8)l) 

= (cy,z <8> idx) (idy ® <8> <8> 1) 

= (cy^ (8) id x )(hi <8> h 2 S(h 4: ) ® /t 3 ) 

= (/t 2 5 , (/t 4 ))2 ® [(/i 2 S(/ i4 ))3^ 1 ((/i2S(/ i4 ))i)] • /ii /is, 
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(idz ® cx,y) ° { c z]x ® idy) ° {idx ® cyz)(l ® ft ® 1) 

= (i<dz ® cx,y) ° (%x ® ® 1 ® ft) 

= (id z ®cx,y)(l®l®ft) 
= l®fti®ft 2 , 

so we obtain 

(ft 2 S(ft 4 )) 2 ® [(ft25(ft 4 ))3^ 1 ((^^(ft4))l)] • ftl ® ft 3 = 1 ® ftl ® ft 2 - 

By applying id ® e ® id we get hiS^h^) ® ft 2 = 1 ® ft, which, by making convolution with 
5(ft) ® 1, becomes 5(fti)ft 2 5(/i4) ® ft3 = £(fti) ® ft 2 , and so we obtain S'(ft 2 ) ® fti = S(h\) ® ft 2 , 
which implies A cop (ft) = A (ft), i.e. -ff is cocommutative. 

We prove now that id is commutative. Note first that cocommutativity implies ch 2 ,h 1 (6® a) = 
a ® 6, for all a,b £ H. Let now g,h £ H; we will apply the pseudosymmetry condition (|3.4f) for 
X = Y~ = id 2 , Z = id 2 on the element 1 ® 5 ® ft: 

(cyz ® idx) (*dy ® c^ x ) o (cx,y ® idz)(l ® 5 ® ft) 

= (cyz ® a'dx) (*dy ® Cz X )(gi ® g 2 ® ft) 
= (cy,z ® id x ){gi ® ft® 52) 
= h 1 ®hzg 1 S~ 1 (h 2 )®g2, 

(idz ® cx,y) ( c zx ® (*dx ® cyz)(l ® 5 ® ft) 

= (idz ® cv,y) o (c^ ® idy)(l ® fti ® ft3fi'5' _1 (ft 2 )) 
= (id z ® c x ,y)(fti ® 1 ® h-zgS^ 1 ^)) 
= ft x ® (fta^ 1 ^))! ® (ft 3 ^ 1 (ft 2 )) 2 , 

and so we obtain 

ft x ® hsgtS- 1 ^) ® 5 2 = fti ® (ft 3 ^ 1 (ft 2 ))i ® (ft 3 55- 1 (ft 2 )) 2 . 

By applying id <£> e <£> id we get fti ® ft 3 <75' _1 (ft 2 ) = ft ® 5, which implies ft3<75 _1 (ft 2 )fti = 5ft, 
that is ftg = gft and hence id is commutative. □ 

Corollary 3.8 For id a commutative and cocommutative Hopf algebra, the double braiding 

T x ,y{x ® y) = (cyx o c x ,y){x ®y) = y(X) • ^(o) ® ■ 2/(o) 

zs a strong twine on uyD H ■ 

Definition 3.9 If H is a Hopf algebra and R £L H ® H is a quasitriangular structure, we will 
say that R is pseudotriangular if 

R12R31 R23 = R2^R^\Ri2- (3.7) 

If R is a pseudotriangular structure then it is easy to see that the braiding on rM. given 
by cm,n '■ M ® N —> N ® M, CM,7v( m ® fi) = i? 2 • n ® -R 1 • m, is pseudosymmetric. Also, it is 
obvious that if R is triangular (i.e. R21R = 1 ® 1) then R is pseudotriangular, because in this 
case (|3.7p becomes the quantum Yang-Baxter equation R12R13R23 = -^23-^13-^12- We have also 
the Hopf-algebraic counterpart of Theorem 13.61 
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Proposition 3.10 Let (H,R) be a quasitriangular Hopf algebra. Then R is pseudotriangular 
if and only if the lazy twist F = R21R satisfies the condition -F12-F23 = ^23-^12 (i- e - F *s neat, 
in the terminology of [29]). 

Example 3.11 If H is a commutative Hopf algebra, then any quasitriangular structure on H 
is pseudotriangular. For instance, if k has characteristic zero and contains a primitive root of 
unity of degree n, then the group algebra of the cyclic group Z n admits a certain quasitriangular 
structure (constructed in [25], |31j ) which is not triangular for n > 3. Thus, for n > 3, the 
category of representations of Z n admits a pseudosymmetric braiding which is not symmetric. 

Remark 3.12 Let H be a finite dimensional Hopf algebra. It is well-known that the category 
of Yetter-Drinfeld modules uyF> u is braided equivalent to the category d(H)M of left modules 
over the Drinfeld double of H (realized on H* cop ® H and with quasitriangular structure given 
by R = Yl( e ® e i) ® ( e * ® 1), where {e^}, {e 1 } are dual bases in H and H*). Thus, via Theorem 
13.71 we obtain that R is pseudotriangular if and only if H is commutative and cocommutative. 
In particular, if G is a finite, noncommutative group then (D(k[G\), R) is quasitriangular but 
not pseudotriangular. 

Definition 3.13 (123)1) Let (H,R) be a quasitriangular Hopf algebra. The element R is called 
almost-triangular if R21R is central in H <g> H . 

Remark 3.14 By Proposition ^. 10] it follows that an almost-triangular structure is pseudotri- 
angular. The converse is not true, a counterexample is provided by Proposition \3.15\ below. 

Assume now that char(k) ^ 2 and consider the 2 n+1 -dimensional Hopf algebra E{n) gener- 
ated by c, xi,..., x n with relations c 2 = 1, xf = 0, XjC + cx, t = and x. L Xj + XjXi = 0, for all 
i,j G {1, •••,«}, and coalgebra structure A(c) = c®c, A(xj) = 1 ® X{ + X{ <S> c, for all i G {1, ...,n}. 
The quasitriangular structures of E{n) have been classified in [27], they are in bijection with 
n x n matrices with entries in k, and moreover the quasitriangular structure Ra corresponding 
to the matrix A is given by an explicit formula, generalizing the cases n = 1 from |32| and 
n = 2 from [17]. By [27] and [8] we know that Ra is triangular if and only if the matrix A is 
symmetric. 

Proposition 3.15 For any n x n matrix A, the quasitriangular structure Ra is pseudotrian- 
gular, and it is almost-triangular if and only if A is symmetric (thus the only almost-triangular 
structures of E(n) are the triangular ones). 

Proof. We present first an alternative description for the quasitriangular structure Ra- For 
every a G k and i,j G {1, ...,n} we define the element 



It is easy to see that Tjj(a) is a lazy twist, Tij(a)Ti t j(b) = Tij(a + b) and Tij{a)T^^{b) = 
Tk,i{b)Tij(a), for all a, b G k and i,j, k, I G {1, n}. If A = (cii : /)i,i=i,...,n is an n x n matrix, we 
define the element 



Tij(a) := 1 ® 1 + a(xi (g> cxj) G E{n) <g> E{n). 



(3.8) 
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T A := J] '!';.,«> i,) G E(n) ® E(n) 



(3.9) 



»J=1 
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(note that the order of the factors does not matter since they all commute). It is clear that if 
B is another n x n matrix then TaFb = Ta+b- One can also see that the element Ta is given 
by the formula 

T A = 1®1 + (-1) |P|(I 2 det(P, F)x P <g> c |p| x F , (3.10) 

1^1=1*1 

where the sum is made over all nonempty subsets P, F of {1, n} such that | P \=\ F |, and if 
P = {i\ < %2 < ■ ■ ■ < i s } and F = {j\ < j'2 < • • • < j s } then det(P, F) is the determinant of the 
sxs matrix obtained at the intersection of the rows ii, ...,i s and columns ji, ...,j s of the matrix 
A, and xp = x^ ■ ■ ■ Xi s , xp = Xj 1 ■ ■ ■ Xj s . In particular we obtain Tq = 1 ® 1 and = T-a- 
Define now the element 

i?:=-(l®l + c8l + l®c-c8c) G E{n) <g) E(n), 

which is a triangular structure for E{n). From the formula for the quasitriangular structure Ra 
in [27] and (|3.10p we immediately obtain 

R A = RT A - (3.11) 

If we denote by A 1 the transpose of a matrix A, then we know from [8] that 

R A l = (R A t) 2 i, (3.12) 

a consequence of which is the relation {Ra)2iRb = Fp-A t ^ f° r any n x n matrices A and B. We 
record also the obvious relation RaFb = Ra+b, as well as (Ta)2iRb = Rb-A*- 

Let now A be an n x n matrix; we will prove that Ra is pseudotriangular. In view of (|3.12j) . 
what we need to prove is the relation 

{R A )i2{R A *)URa)2Z = {RA)2z{RM)lz{RA)l2. (3.13) 

We will actually prove something more general, namely 

(Ra)i2(Rb)i3(R C )23 = (Rc)23(Rb)i3(Ra)i2, (3.14) 

for any n x n matrices A, B and C. We introduce the following notation, for a £ k and 
i, j e {1, ...,n}: 

Tij(a)i2c := 1 <8> 1 <8> 1 + axi ® cxj ® c, 
?ij(a)ic3 := 1 <8> 1 <8> 1 + axi (g> c<g> cxj, 
Tij(a) C 23 :=l<g)l<g>l + c(g) axj ® cxj. 

By direct computation one can prove the following relations: 





23-^13 = 


Rl?>Ti ) j\ 


a)c23 


Tij(a] 


c23-Rl2 = 


- RyiFij 


(0)23 


Tij(a 


13-^12 = 


R\2Ti,j\ 


0)lc3 


Tij(a 


13-^23 = 


R2?,Ti ) j\ 


a)ic3 


Ti,j(a] 


12-^13 = 


Rl3Tij\ 


a) 12c 




12^23 = 


- i?23^i,j 


(a) 12 
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One can also see that, for all i,j,k,l,p,q E {l,...,n} and x,y,z £ k, all the elements Tij(x)23, 
Tk,i(y)i2 and T Piq (z)i C 3 commute with each other. Using all these facts together with the formulae 
(f37TT|) and ([3JJ]) we obtain 



(Ra)i2(Rb)i3(Rc)23 = Ri2Ri3R23(Ta)i2(Tb)ic3(Tc)23 
(Rc)23(Rb)i3(Ra)i2 = R23Ri3Ri2(T C )23(Tb)ic3(Ta)i2 



and the right hand sides are equal because of the above-mentioned commutation relations to- 
gether with the fact that R satisfies the Yang-Baxter equation. 

We prove now that Ra is almost-triangular if and only if A is symmetric. Let B be an n x n 
matrix; it is easy to see that T B is central in E(n) <8> E(n) if and only if B = 0, because if B ^ 
then T B does not commute with 1 ® c. We have seen above that (RU)2iRU = T^-a*; and so 
(.Ra) 21 -Ra is central if and only if A = A 1 . □ 

Remark 3.16 We consider the group l?(E(n)) as in Section [2j and inside it the set G n := 
{Ta, Ra}i where A is an n x n matrix. If we denote by * the multiplication in Z?(E(n)), then 
we have 



and so G n is a subgroup of Z 2 (E(n)) (note that the inverse of Ra in this group is Ra*)- The 
above formulae imply G n ~ Z2 x (M n (k), +), a semidirect product, where the action of Z2 on 
(M n (k), +) is given by A ■ g = —A t (g is the generator of Z2), and the correspondence is given 
by Ta 1— > Ra >— ► (fi 1 !^)- For n = 1 (£7(1) is Sweedler's 4-dimensional Hopf algebra), one 

can prove by direct computation that Gi = Z 2 (£7(l)). 

4 Laycles, pseudotwistors and R- matrices 



We recall the following concept and result from [24\: 



Proposition 4.1 (WM ) Let C be a monoidal category, A an algebra in C with multiplication 
fi and unit u, T : A A ^> A ® A a morphism in C such that T o (u <8> id a) = u <8> idA and 
T o (idA ® u) = idA ®u. Assume that there exist two morphisms T\,Ti : A® A® A — > A® A® A 
in C such that 



Then (A, [i o T,u) is also an algebra in C, denoted by A T . The morphism T is called a pseu- 
dotwistor and the two morphisms T\, T2 are called the companions ofT. If C is the category 
of k-vector spaces, T\ = T2 = T13 and Tyi o T23 = T23 o T\2, then T is called a twistor for A. 

Proposition 4.2 Let C be a monoidal category and T a laycle on C. If (A,/j,,u) is an algebra 



Ta*T b = TaTb = Ta+b, 
Ra*T b = RaTb = Ra+b, 
Ta* Rb = (Ta)2\Rb = Rb-a*-. 
Ra * Rb = (Ra)2iRb = T B _ A t 




(idA <S> aO T\ o (T ® idA) = T o (idA <8> A*), 
(fj, <8> idA) T 2 o (idA ® T) = T o (fj, (2) idA), 
T\ o (T <g> id^) (^A ® T) = T 2 o (ic^ 0T)o(T8 idyi)- 



(4.1) 
(4.2) 
(4.3) 



m C, t/ien T^a is a pseudotwistor for A, with companions T% : 
T b and T-F are the families defined by \2. 31) and \2.1$ . 



A,A,A 



<b 



and f 2 := T{ A A 



where 
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Proof. We prove (|4.ip . The naturality of T implies Ta,a ° (id a ® /x) = (zd^ <g> fi) o Ta,a®Ai and 
from (12, 3D we obtain Ta,a o (idA ® /■*) = (idA ® A 4 ) ° ^a a a ° (Xa,A ® id a)-, q.e.d. Similarly one 
can prove (fPj) . while (fOj) follows immediately by using flg3D and (f2T2|) . □ 

Corollary 4.3 If T is a laycle on a monoidal category C and (A,fj,,u) is an algebra in C, then 
(A, \x o Ta,a> w ) is also an algebra in C. 

Remark 4.4 If C is a monoidal category and c is a braiding on C, then, by J2J^ the double 
braiding c 2 XY := C Y,X cx,Y is a twine on C, in particular a laycle. Thus, Proposition \4-2\ 
generalizes the fact (proved in \2J$ , Corollary 6.8) that a double braiding induces a pseudotwistor 
on every algebra in C. 

Definition 4.5 Let C be a monoidal category, (A, /i, u) an algebra in C and T : A® A — > A® A 
a pseudotwistor with companions T\ and T%. We say that T is a strong pseudotwistor if T 

is invertible and the following conditions are satisfied: 

f 2 o(id A ®T) = (id A ®T)of 1 , (4.4) 

f x o (T®id A ) = (T®id A ) of 2 . (4.5) 

In this case, we denote 

Ta®a,A ■= fi ° {id a <S>T) = (id A ®T)ofx, 
Ta,a®A ■= fi ° {T ® id A ) = (T ® id A ) o f 2 . 

Remark 4.6 IfTxy is a laycle on a monoidal category C and (A,fM,u) is an algebra inC, then, 
by pSj} ; it follows that Ta,a is a strong pseudotwistor for A. 

Lemma 4.7 IfT is a strong pseudotwistor, then the following relations hold: 



(T ® id A ) o T A ®A,A = T A ®A,A o(T<g> idA), (4.6) 

{id A ®T)o T a ,a®a = T a ,a®a ° (idA ® T), (4.7) 

Ta®a,a o(T® id A ) = T A ,A®A ° (idA ® T), (4.8) 

(T ® id a) o f 2 o (id A ® T) = (id A ® T) o fx o (T ® id A ). (4.9) 

Proof. Straightforward computation, using (|4.4j) . (|4.5p and (|4.3p . □ 



Our next results are the analogues for pseudotwistors of the facts that composition of laycles 
is a laycle and the inverse of a laycle is a laycle. 

Proposition 4.8 Let C be a monoidal category, (A, fi, u) an algebra in C and T,D : A® A — > 
A ® A two strong pseudotwistors for A, such that 

D a ,a®a o (id A ® T) = (idA ® T) o L>a,a®a, (4.10) 
Da®a,a o (T ® id A ) = (r ® idA) ° D a ®a,a- (4-11) 

Then U := T o D is a pseudotwistor for A, with companions U\ : = Ta,a®A ° Dx o (T _1 ® id A ) 
and U2 '■= Ta<s>a,a D2 (^a ® T _1 ). If moreover we have 

T a ,a®a o (id A ® -D) = (^a ® -D) o 7Xa®a, (4.12) 
2a®a,A (-D ® idA) = (D ® ^a) 2a®a,A, (4.13) 

i/ien C is also a strong pseudotwistor. 
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Proof. We check gU~g3]) for U: 



U o (idA ® /i) = T o D o (idA <g [i) 



(idA ® /i) o Ti o (T <g zd^) o D\ o (D ® idA) 
= (idA <8> AO ?A,A®A oD^oip® idA) 
= (idA ® n)oU\o (U (g> idA), 

U o (n® idA) = T o L) o (/i (gi idA) 

= <g ^a) ° r 2 o (idyi ® J 1 ) o D 2 O (idA (g) D) 

= (// <g idyl) ^~A(gA,A °^2° (i^A <8> £>) 
= (fi ® idA) ° U2 ° (idA ® U), 

Ui o (U (gi idyi) (i^A <8> ?7) = Ta,a®A o D\ o (D ® idA) (idA ® T) o (idA <g D) 

= ?A,A<g>A -t>A,A<gA (i<^A ® T) o (idA <8> £>) 

4 =° 7a,a®a ° (idA <8> T) o L>A,A<gA (i^A ® £>) 



?A®a,A (T ® id A ) o D a ®a,a o(D® id A ) 

4 = 1 ?A®A,A £>A®A,A o (T (g) id A ) o (D (g) idA) 
= Ta®a,A D 2 o (idA ® D)o (T ® id A ) o (D (g idA) 
= E/ 2 o (idA <g *7) o (U®idA), 

proving that £/ is a pseudotwistor for A We assume now that (I4.12j) and (I4.13P hold and we 
prove flOD and (|I3j) for U: 

(idA ®U) oUx = (idA ® T) o (idA <8> -D) 7a,a<xA °A° (T^ 1 (g) idA) 
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(idA ®T)o Ta,a®A (idA ® D) o D\ o (T 1 (g> idA) 
(idA (g T) o Ta,a®a £>A®A,A <g idA) 

(idA <g T) o Ta,a®a (T~ l ®id A )o D a ®a,a 

Ta®a,a Da®a,a 
Ta®a,a o D 2 o (id A g> -D) 
C/ 2 o (idA ® *7), 



(U®id A )oU 2 = (T ® id A ) o (D ® id A ) o T a ®a,a ( id A ® T u , 

( T g, ^) Ta^a.A o (D g) id A ) o £> 2 o (idA ® T" 1 ) 
(T (g idA) o ?a®a,a -Da.Acea o (idA <g T -1 ) 

(T <g idA) 2a<8>A,A (idA <8> T' 1 ) o £>A,A<gA 



ion 



2a,a®a Da,a®a 
Ta,a®a ° D\ o (D <g idA) 
f/i o (U ®id A ), 
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showing that U is a strong pseudotwistor. □ 

Corollary 4.9 If T is a strong pseudotwistor for an algebra (A,fj,,u) in a monoidal category C, 
then T oT is also a strong pseudotwistor for A. 

Proposition 4.10 LetC be a monoidal category, (A,fj,,u) an algebra inC andT : A® A — > A® A 
a strong pseudotwistor for A such that the companions T\ and T 2 are invertible. Then the inverse 
V := T" 1 is also a strong pseudotwistor for A, with companions V\ = T 2 ~ 1 and V2 = . 

Proof. Straightforward computation, using (|4.ip ~ (|4.3|) for T together with (|4.4p and (|4.5p . □ 

Remark 4.11 Let C be a monoidal category, (A,/j,,u) an algebra in C, T: A®A^A®A 
a strong pseudotwistor for A and T> a laycle on C. Then T and D := T>a,a satisfy {4-10 ) and 
14.11 ), hence T o D is a pseudotwistor for A. 

Our next result is the analogue for pseudotwistors of the fact that if a, a' are cohomologous 
lazy cocycles on a Hopf algebra H then the algebras H{a) and H{a') are isomorphic: 

Proposition 4.12 Let C be a monoidal category, (A, fx, u) an algebra in C, T : A® A ^ A® A 

a strong pseudotwistor for A and Rx '■ X — » X a family of natural isomorphisms in C such that 
Rj = idj. Then we have an algebra isomorphism 

R A : A ToDl ( R ^ ~ A T . 

Proof. Note first that T o D 1 (R)a,a is a pseudotwistor by Remark 14.111 We compute: 

R A o n o T o D 1 (R)a,a = Ra T o R A ^ A o (R A ® R A ) 

naturality of R \ , . 

= /i o R A%A o T o R AtsA o {R A (8) R A ) 

naturality of R , , 

= /j oT o [R A (g) itA), 

finishing the proof. □ 

If T is a laycle on a monoidal category C, then, by [5], T is a twine if and only if the following 
condition is satisfied: 

( t Ly,z ® id w) (idx ® Ty,z,w) = ( id x 8) Ty Z W ) o {T f X YZ ® id w ), (4.14) 

for all X,Y, Z,W € C. Note that the families T* , T b coincide respectively to the families A, B 
from the Definition 11.51 of a pure-braided structure, and (|4.14j) coincides with (jl . 13|) . We are 
thus led to the following concept and terminology: 

Definition 4.13 Let C be a monoidal category, A an algebra in C and T : A ® A ^ A ® A a 
pseudotwistor with companions T\ and T2 . We call T a pure pseudotwistor if 

(f 2 (8) id A ) o (id A <g> fi) = (id A ® fi) o (f 2 <g> id A ). (4.15) 

Corollary 4.14 A twine on a monoidal category C induces a pure pseudotwistor on every al- 
gebra A in C. In particular, if c is a braiding on C then c\ A is a pure pseudotwistor for A. 
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Remark 4.15 Obviously, a pseudotwistor for which T\ = T2 = idA®A®A is pure. Here are some 
concrete (but nonunital) examples of such pseudotwistors: 

(i) take A an associative algebra, R = P 1 ® R 2 G A<g> A and define T(a ® b) = aR 1 ® R 2 b, for 
all a, b <E A. 

(ii) take A an associative algebra, / : A — > j4 a linear map satisfying f(ab) = a fib) for all a, 6 G A, 
and T(a ® 6) = /(a) ® 6. If instead / satisfies /(afe) = f(a)b, then take T(a ® 6) = a ® /(&). 
(hi) take A an associative algebra, 5 : A — ► A®yl a linear map such that <5(a6) = (a®l)5(6) for all 
a, be A and T : A® A -> A® A, T(a®6) = 5(a)(l®6). If instead <5 satishes <5(ab) = <5(a)(l®6), 
then take T(a ® 6) = (a ® l)5(b). 

Note that example (i) was inspired by a construction in [2], while (ii) and (iii) are related to 
some constructions in [22j involving so-called (anti-) dipterous algebras. 

Example 4.16 If A is an associative algebra and T : A® A — > A® A \s &, twistor, then it is 
easy to see that T is pure. 

Example 4.17 We recall some facts from [24j. Let (J), d) be a DG algebra, that is Q = © n>0 & n 
is a graded algebra and d : Q — > Q is a linear map with d(f2") C f2 n+1 for all n > 0, d 2 = and 
d(wC) = d(uj)( + (— l)l^lc^cZ(C) for all homo geneous uj and £, where \u\ is the degree of uj. The 
Fedosov product (|16|. [TT]). given by w o £ = cj£ — (—l)^d(uj)d(C) , for homogeneous w and £, 
gives a new associative algebra structure on f2. We consider C to be the monoidal category of 
Z2-graded vector spaces, and regard Q as a Z 2 -graded algebra (i.e. an algebra in C) by putting 
even components in degree zero and odd components in degree one. Define the linear map 

t :n®n^n®n, r(w ® c) = ^ ® C - (-i) M c%) ® d(c), 

for homogeneous uj and Then T is a pseudotwistor for $7 in C, affording the Fedosov product. 
Its companions are given (for homogeneous uj, £, rj) by 

fi(u ® C ® ?/) = r 2 (w ®C®??)=w®C®?? - (-1) M+Icl d(a;) ® ( ® d^). 
We claim that T is a pure pseudotwistor. Indeed, a straightforward computation shows that 

if 2 ® id) o (id ® fi)(a; ® C ® V ® v ) = H ® 2\) o (T 2 ® id) (a; ® C ® »7 ® 
= w®C®^®^ - (-1) M+Icl d(a;) ® C ® d(rj) ® 1/ 
_(_1)KI+W W d(C) ® 17 ® d(u) - (-ljH+W^w) ® d(C) ® d(r?) ® d(z/), 

for all homogeneous w, £, Vi u - 

We recall the following result from [2 



Proposition 4.18 ([2^]) Let (A, fj,, u) be an algebra in a monoidal category C, let P, P : A® A — > 

A ® A twisting maps between A and itself such that R is invertible, and assume that 

(P ® id A ) o iid A ® P) o (P ® id A ) = iid A ® P) o (P ® id A ) o (id A ® P), (4.16) 

(P ® id A ) ° (id A ® P) (P ® idA) = (idA ® P) (P ® idA) (idA ® P), (4.17) 

(P ® idA) o (idA ® P) o (P ® id A ) = {id A ® P) o (P ® id A ) o (id A ® P), (4.18) 

(P ® id A ) (idA ® P) o (P ® id A ) = (idA ® P) o (P ® id A ) o (id A ® P). (4.19) 

Define T : A® A — > A® A, T := P _1 o P. TTien T is a pseudotwistor with companions 

f x = (PT 1 ® id A ) o iid A ® T) o (P ® T 2 = (id A ® P -1 ) o (T ® id A ) o (id A ® R). 
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Our next result is the analogue for pseudotwistors of the fact from [5] that a family of the 
type Tx,y = c'yx ° c x,Y-, with c, c' braidings, is a twine: 



Proposition 4.19 Assume that the hypotheses of Proposition \4A8 hold. Then: 

(i) T is a pure pseudotwistor; 

(ii) assume that moreover P is also invertible and 

(P ® id A ) o (id A ® P) o (P g) id A ) = (id A ® P) a (P (g> id A ) o (id A ® P), (4.20) 
(R ® id A ) o (id A ® R) o (P ® id A ) = (idA ® P) ° (P ® o (idA <g> P) (4.21) 

(these conditions appear in \2J$ too and they imply that R is also a twisting map between A T 
and itself). Then T is a strong pseudotwistor. 

Proof. We check (|4TT5D : 

(T 2 ® id A ) o (id A ® T\) = (id A ® P" 1 ® id^) o (T <g idA ® id^) ° (idA ® P ® id^) 

o(idA ® P _1 <8) idA) ° (idj4 ® idA ® T) o (id A ® R ® id A ) 

= (idA ® P _1 ® idA) o (idA ® idA ® P) ° (T ® id A ® id A ) 
o(idA ® P ® id^) 

= (idA ® P _1 ® id A ) o (idA ® id^ ® T) o (idA ® P ® idA) 
o(idA ® P _1 ® idA) o (T ® idyi ® idyi) ° (idyi ® P ® idyi) 

= (idyi ®Pi) ° (P 2 ® id A ). 

Assume now that P is invertible and (|4.20|) . (|4.2ip hold. Obviously T is invertible, and we only 
have to check (Oil and (l4~5l): 



P 2 o (idyi ® T) = (idA ® -R -1 ) ° (T ® idyi) o (idyi ® P) o (idyi ® T) 

(idyi ® P _1 ) ° (P _1 ® idA) o (P ® idA) ° (idA ® P) 

(idA ® P _1 ) ° (id A ® P) o (P _1 ® idA) ° (idA ® P -1 ) 
(P _1 ® idA) ° (id A ® P) o (P <g) idA) (idA ® P) 

(idA ® P" 1 ) ° (idA ® P) ° (P -1 ® idA) 
o(idA ® P _1 ) ° (idA ® P) (P ® idA) 
(idA ® T) o Ti , 



fi o (T ® idA) = (P 1 ® id A ) o (id A ® T) o (P (g id A ) o (T ® id A ) 

(P _1 ® id A ) ° (idA ® P _1 ) o (idA ® P) ° (P ® idA) 

(P _1 ® id A ) o (P (g) idA) ° (idA ® P _1 ) ° (P _1 ® idA) 
(idA ® P^ 1 ) ° (P ® id A ) o (idA ® P) ° (P ® idA) 

(P _1 ® id A ) o (P (g) idA) ° (idA ® P _1 ) 
o(P _1 <g idA) o (P ® idA) (id A ® P) 
(T®id A )of 2 , 

finishing the proof. □ 



g2D 
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Remark 4.20 If T is a braided twistor as introduced in \21$ , a computation identical to the 
one in the proof of Proposition \4-l$\ (i) shows that T is a pure pseudotwistor. 

Example 4.21 Let A be an algebra and T a braid system over A as introduced by Durdevich in 
|14j . that is a collection of bijective twisting maps between A and itself, satisfying the condition 

(a ® idA) ° (idA ® P) ° (7 ® id A ) = {id a ® 7) ° (P ® idx) {id a ® a), V a, /3,7 G JF. 

For a,/3 £ J- define the map T a)| g : A ® ^4 — > j4 ® ^4, T Qij g := a -1 o /?. By [23] we know that T is 
a pseudotwistor for ^4, and by Proposition 14.191 it follows that it is a pure strong pseudotwistor. 

We introduce now the categorical version of Borcherds' i?-matrices: 

Proposition 4.22 LetC be a monoidal category, {A,n,u) an algebra inC andT : A® A — > A® A 
a morphism in C such that T o (u ® id^i) = it ® idA and (idA ® it) = idA ® it- Assume that 
there exist two morphisms T\,T 2 :^4®^4®>1^A®^4®>1 in C swc/t i/tcd 

(id A ® /i) o (T ® i<U) o Ti = T o (id A ® M ), (4.22) 
(p ® id^) o (idA ®T)oT 2 =To(fi® id A ), (4.23) 
(T (8) id^) oT l0 (idA ® T) = (idA «T)oT 2 o(T0 id A ). (4.24) 

TTien (^4, ^oT, it) is afeo an algebra in C, denoted by A T . The morphism T is called an R- matrix 
and the two morphisms T\, T 2 are called the companions ofT. Obviously, the original concept 
of R-matrix is obtained for C being the category of k-vector spaces and T\ = T 2 = X13. 

Proof. Obviously u is a unit for {A, /zoT); we check the associativity of \x o T: 
(ji o T) o ((/i o T) ® idA) = (a* T) o (/i ® id^) (T ® idA) 
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/i o (/i ® idA) (idA ®T)oT 2 o(T8 idA) 

o ® idA) o (T ® idA) o Ti o (id^ ® T) 
/i o (idA ® /i) (T ® idA) o Ti o (idA ® T) 

/i o T o (id^4 ® /i) o (idyi ® 7") 
= (pT)o (id^ ® (/U o T)), 

finishing the proof. □ 

Proposition 4.23 XeiC 6e a monoidal category, (A,fj,,u) an algebra inC andT : A® A — > yl®^4 
on invertible morphism in C. Then T is a pseudotwistor if and only if it is an R-matrix. More 
precisely, if T is a pseudotwistor with companions T%, T2 then T is an R-matrix with companions 
T\ = (T -1 ® idA) T\ o (T ® id^) and T2 = (idA ® T -1 ) o T 2 o (idA ® T); conversely, if 
T is an R-matrix with companions T\, T 2 then T is a pseudotwistor with companions T\ = 
(T ® id A ) o Ti o (T- 1 ® id A ) and f 2 = {id A ®T)of 2 o (id A ® T _1 ). 

Proof. Straightforward computation. □ 

Corollary 4.24 Let C be a monoidal category and T a laycle on C. If {A, [a, u) is an algebra in 
C, then Ta,a is an R-matrix for A, with companions T\ := T AAA and T2 : = T AAA , where T b 
and T* are the families defined by \2. 3\) and pO). 
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5 A characterization of generalized double braidings 

Let C be a monoidal category and A an algebra in C. If T is a pseudotwistor for A and 
i?:y4(g>A^yl(g)^4isan invertible twisting map such that the companions of T are given by 
the formulae 

f x = (iT 1 <g> id A ) o (id A ®T)o{R® id A ), (5.1) 
T 2 = (id A ® -R -1 ) o (T <g) id A ) o (id A ® 12), (5.2) 

then, by [24J, Theorem 6.6, it follows that 12 o T is a twisting map between A and itself. This 
result has the following categorical analogue, with laycles replacing pseudotwistors and braidings 
replacing twisting maps: 

Theorem 5.1 Let C be a monoidal category, T a laycle and d a braiding on C, such that for all 
X,Y, Z £ C the following relations hold: 

Tx®Y,z = {id x ® T Y ,z) ° (d x ]y ® idz) ° (idy ® Tx,z) ° {dx,Y (8 idz), (5-3) 
Tx,Y®z = {Tx,Y <8 id z ) ° {idx <8 d YZ ) o (Tx,z <8 idy) o (idx <8> d Y) z)- (5.4) 

T/ien the families d' x Y := dxy°Txy andd" XY := T Y x°dx,Y ore ateo braidings onC. Moreover, 
T is a twine and d" x Y = Ty t x ° d' x Y ° 2y y (thus (C,d r ) and {C, d") are braided isomorphic) . 



Proof. Note first that (15.31) and (|5.4p are the analogues of (15. ip and (|5.2p . because they are 
respectively equivalent to 

t x,y,z = (dx]y ® id z) ° {idy ® T x ,z) ° (dx,y <8 id z ), 
T x,y,z = (idx <8> d Y ^ z ) o (Tx,z ® idy) ° (idx 8> dy,z)- 
Also, as consequences of (12. 2D . (15.31) and (15. 4|) we obtain the following relations: 

Tx,Y®z = {d x ]y ® idz) ° {idy <8> T x ,z) ° (dx,y ® idz) ° (Ix,y ® idz), (5.5) 
Tx®Y,z = {idx <8 d Y x z ) o {T x ,z 8> idy) o {id x ® dy^z) ° (idx ® Ty,z)- (5.6) 

Now we check (II. 6p and (II. 7p for d': 

d'x,Y®z = dxy®z ° Tx,y®z 

jl.6t . i !5.4l i . . . . i . 

= {idy (8 ox,z) ° [dx,Y <8> «dz) o (Tx,y <8> 2dz) o (zdx <8> d YZ ) 

°(Tx,z <8 «<ly) ° (idx <8 dy,z) 

I5T5} 

= {idy <8 dx,z) ° (idy <8 Tx,z) ° (dx,y <8> idz) ° (Tx,Y ® idz) 
= (idy <8 dx,z) ° (^x,y ® ^z), 

d'x<g>Y,z = dx®y,z ° lx®y,z 
^ |5.3|) 

= ' (dx,Z ® idy) ° (idx <8> dy,z) ° (idx ® Tyz) ° (d x ,y ® idz) 
o(idy <S> T x ,z) ° (dxY ® ^z) 

(dx,z <S> idy) o (Tx,z <8> idy) o {idx <8 dyz) o (idx <8 Tyz) 
(d'x,z ® ° ® <ly,z)- 
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Thus, d! is a braiding. It is obvious that d" XY = Ty t x ° d' XY ° T^y, and it follows that d" is 
also a braiding, by using Proposition 12.81 The fact that T satisfies (11.17P follows immediately 
by using (|5.5p and (|5.6p . □ 

Corollary 5.2 Lei H be a Hopf algebra, R € H®H a quasitriangular structure and F G H®H 
a lazy twist, such that 

(A id)(F) = F 23 R^F 13 R 12 , (5.7) 
(id ® A) CP) = F l2 R^F l3 R 23 . (5.8) 

T/jen the elements R' = RF and R" = F 2 \R are also quasitriangular structures on H . 

Proposition 5.3 Let C be a monoidal category and c, d braidings on C. Then the inverse 
braiding dx,Y '■= c Y l x and the laycle Tx,y = c' Y x ° c x,Y satisfy the hypotheses of Theorem \5.1[ 
Consequently, the family d' XY = dx,Y ° Tx,y = c Y l x o c' YX o cx,y is a braiding on C, and the 
braiding d" coincides with the original braiding d . 
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Proof. We check 

(idx (8> Ty,z) (d x l Y <8 id z ) o (idy <8 Tx,z) ° {dx,Y <8> idz) 

= (id x <8> Cz,y) (^X <8 cy,z) ° (cy,x <8> idz) ° (idy ® 

o(idy (g) cx,z) ° (<V jX <8 idz) 

naturality of c . I \ / I s / • \ / • 7 \ 

= («dx ® c z y ) o (c z x (8) zdy) o (zdz (8 cyx) ° (cyz <8 ^dxJ 

o(idy ® c x ,z) ° (cyx <8 id z ) 

(id x <8> c'zy) ° (c'z,x ® idy) ° (cx,z <8 idy) o (ic?x <8 cyz) 
°(cyx ®id z )o (c Y ^ x (8 idz) 

= Fx®y,z- 

The proof of (|5.4f) is similar and left to the reader. □ 

Remark 5.4 Theorem \5.1\ together with Proposition 1 5. 3\ provide an alternative proof of the fact 
from fEjj that the laycle Tx,y = d YX o cxy is a twine. 

Remark 5.5 // (C,c) is a braided monoidal category and we take the inverse braiding dx,Y = 
c Y x x , then in general (C,c) and (C,d) are not braided isomorphic. Thus, the braidings d' and d" 
obtained in Theorem \5.1\ are in general not equivalent to the original braiding d. 

Theorem 15.11 together with Proposition 15.31 provide the following characterization of general- 
ized double braidings: 

Proposition 5.6 Let C be a monoidal category and T a laycle on C. Then T is a generalized 
double braiding if and only if there exists a braiding d on C such that \5. 3\) and \5.4\) hold. 
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